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Abstract
Sparked by Bojanov (J. Comput. Appl. Math. 70 (1996) 349), we provide an alternate approach to quadrature
formulas based on the zeros of the Chebyshev polynomial of the ﬁrst kind for any weight function w introduced
and studied in Gori and Micchelli (Math. Comp. 65 (1996) 1567), thereby improving on their observations. Upon
expansion of the divided differences, we obtain explicit expressions for the corresponding Cotes coefﬁcients in
Gauss–Turán quadrature formulas for I (f ;w) := ∫ 1−1 f (x)w(x) dx and I (f T n;w) for a Gori–Micchelli weight
function. It is also interesting to mention what has been neglected for about 30 years by the literature is that, as a
consequence of expansion of the divided differences in the special case when w(x) = 1/√1− x2, the solution of
the famous Turán’s Problem 26 raised in 1980 was in fact implied by a result of Micchelli and Rivlin (IBM J. Res.
Develop. 16 (1972) 372) in 1972. Some concluding comments are made in the ﬁnal section.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Recently, Gori andMicchelli [4] introduced and studied a class ofweight functionswhich admit explicit
Gauss–Turán quadrature formulas. For every natural number n, the class, denoted byWn, consists of all
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positive integrable functions w on [−1,1] such that
w(x)
√
1− x2 =
∞∑′
k=0
kT2kn(x), (1.1)
where convergence holds with respect to the weighted L1-norm∫ 1
−1
|f (x)| dx√
1− x2 . (1.2)
Here the prime on the summation indicates that the ﬁrst term is halved and Tn(x) is the Chebyshev
polynomial of the ﬁrst kind and f is deﬁned and integrable on [−1,1]. These include some generalized
Gegenbauer weight functions as a special case [4]. Accordingly, for every w ∈ Wn and f ∈ C[−1, 1]
we have
I (f ;w) :=
∫ 1
−1
f (x)w(x) dx = 
2
∞∑′
k=0
kA2kn(f ), (1.3)
where we have put the Fourier–Chebyshev coefﬁcients
Akn(f )= 2

∫ 1
−1
f (x)Tkn(x)
dx√
1− x2 , k = 0, 1, . . . . (1.4)
Let N be the set of all natural numbers, N0 =N∪ {0} and xi = cos[(2i − 1)/2n], i = 1, . . . , n. Denote
by f [x1, . . . , xn] the divided differences of the function f with each xi repeated  times for any ﬁxed
 ∈ N. Using divided difference functionals at the Chebyshev nodes (with multiplicity), i.e., the zeros
of Tn(x), Gori and Micchelli in [4] found explicit expressions for A2kn(f ) and A(2k+1)n(f ), k ∈ N0,
respectively. Speciﬁcally, following the main idea of [8], they ﬁrst expressed f ′[x21 , . . . , x2n ] as a series
of A2kn(f ), then inverted these formulas to solve for the Fourier–Chebyshev coefﬁcients A2kn(f ) of f
in terms of f ′[x21 , . . . , x2n ]. They obtained formulas for A(2k+1)n(f ) in a similar spirit. However, each
of these formulas involves a power series expansion and the inverse of an inﬁnite upper triangle matrix.
Using an appropriate representation of the Hermite interpolating polynomial developed by Bojanov
[2], we give here a simple and uniﬁed approach to direct explicit expressions of the integrals I (f ;w),
I (f T n;w) andAkn(f )(k ∈ N0) along the divided differences of f at the zeros of Tn(x). Furthermore, we
expand these divided differences to obtain Cotes coefﬁcients of high order in the Gauss–Turán quadrature
formula of the form (1.5) below. This approach goes all the way back to Markoff.
Specializing our main results to the case w(x)= 1/√1− x2 reproduces the solution, solved in [7–9]
and later turned up in [11], of Turán’s Problem 26 raised in [14]. It is interesting to note that the solution
was in fact implied by a result of Micchelli and Rivlin [8] in 1972, which had been neglected for about
30 years by the literature. That means the solution had implicitly existed before it was raised!
So what is Turán’s Problem 26? It is a long story.
In 1950, Turán [13] considered quadrature rules of the form
∫ 1
−1
f (x)w(x) dx =
n∑
i=1
2s∑
j=0
ij (w)f
(j)(xi,s)+ R(f ) (1.5)
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and showed that such rules have a maximum degree of precision 2(s + 1)n− 1, i.e., R(f )= 0 if f is a
polynomial of degree not exceeding 2(s + 1)n− 1. Moreover, he showed that xi,s are the n zeros of the
monic polynomial pn(x) of degree n which minimizes the following integral∫ 1
−1
|p(x)|2s+2w(x) dx, (1.6)
where
p(x)= xn + an−1xn−1 + · · · + a1x + a0.
Such polynomials are known as s-orthogonal polynomials with respect to the weight w and correspond-
ingly (1.5) is called the Gauss–Turán quadrature formula.
By a theorem of Bernstein [1] the nth Chebyshev polynomial of the ﬁrst kind 21−nTn(x) is the solution
of (1.6). Yet despite this, little is known about the corresponding Cotes coefﬁcients of high order. So
Turán raised the following problem in this direction [14].
Problem 26. Give an explicit formula for ij := ij (w) whenw= 1/
√
1− x2 and determine its asymp-
totic behavior as n → ∞ and s is ﬁxed.
In 1972, however, Micchelli and Rivlin [8] proved
∫ 1
−1
f (x)√
1− x2 dx =

n
{
n∑
i=1
f (xi)+
s∑
=1
1
24n
(
2

)
f ′[x21 , . . . , x2n ]
}
. (1.7)
Further, they obtained ij , j = 0, 1, 2, from (1.7) and then determined the signs of them. In 1984, Varma
[15] used a different method to obtain ij , i = 1, 2, . . . , n, j = 0, 1, 2, 3, 4. Micchelli and Sharma [9]
solved Turán’s Problem 26. They completely derived explicit expression for ij , i = 1, 2, . . . , n, j =
0, 1, . . . , 2s, and determined its asymptotic behavior. See [11] for a different approach. Using some
facts about monosplines, Micchelli proved in [7] that alternate weights are always positive, namely,
ij > 0; i = 0, 2, . . . , 2s; j = 1, 2, . . . , n. For other related work, see [3,4,10] and references therein.
We shall show that (1.7), upon expansion of the divided differences in the right-hand side of it, is
equivalent to Shi’s result and thus is more informative than that of Varma [15].
2. Some preliminary results
From now on, let Pd be the space of all polynomials of degree d, d ∈ N0. First we shall give the
following theorem which is important in the sequel.
Theorem 1. Let q ∈ Pn−1 and x1, . . . , xn be the zeros of Tn. For any , k ∈ N0, we have
∫ 1
−1
q(x)T n (x)Tkn(x)
dx√
1− x2 =
{ 
2n
(

−k
2
)
n∑
i=1
q(xi) if −k2 ∈ N0,
0 otherwise.
(2.1)
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Proof. If (− k)/2 ∈ N0, then it is easy to check that
T n (x)Tkn(x)=
+k
2∑
j=0
jT2jn(x), (2.2)
where
0 =
1

∫ 1
−1
T n (x)Tkn(x)
dx√
1− x2 =
1

∫ 
0
cos n cos kn d
= 1
n
∫ n
0
cos  cos k d= 1
n
n∑
i=1
∫ i
(i−1)
cos  cos k d
= 1

∫ 
0
cos  cos k d= 1
2
(

−k
2
)
. (2.3)
The last equality in (2.3) can be found in [5, Formula 3.631.17 on p. 374]. From (2.2)–(2.3), orthogonality
and the well-known Gauss–Chebyshev quadrature rule, we successively have
∫ 1
−1
q(x)T n (x)Tkn(x)
dx√
1− x2 =
+k
2∑
j=0
j
∫ 1
−1
q(x)T2jn(x)
dx√
1− x2
= 0
∫ 1
−1
q(x)
dx√
1− x2 =

2n
(

−k
2
) n∑
i=1
q(xi). (2.4)
If k > , then qT n ∈ P(+1)n−1 ⊆ Pkn−1. So we have by orthogonality that∫ 1
−1
q(x)T n (x)Tkn(x)
dx√
1− x2 = 0. (2.5)
If + k is odd, it is easy to check that there exists constants j (j = 1, . . . , (+ k − 1)/2) such that
T n (x)Tkn(x)=
(+k−1)/2∑
j=0
jT(2j+1)n(x),
which, together with orthogonality, yields∫ 1
−1
q(x)T n (x)Tkn(x)
dx√
1− x2 = 0. (2.6)
Now (2.1) follows from (2.4)–(2.6). 
For any w ∈Wn, q ∈ Pn−1 and s ∈ N0, we have by (2.1)∫ 1
−1
q(x)T 2s+1n (x)w(x) dx =
∞∑′
k=0
k
∫ 1
−1
q(x)T 2s+1n (x)T2kn(x)
dx√
1− x2 = 0,
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which, together with the characterization theorem of s-orthogonality, identiﬁes Tn as the nth degree s-
orthogonal polynomial relative to the weight functionw. This leads us to the following conclusion which
was ﬁrst proved in [4].
Corollary 2 (Gori and Micchelli [4]). Let w ∈ Wn and s ∈ N0. Then the nth degree s-orthogonal
polynomial relative to the weight function w is Tn.
From now on, set
n(x)=
n∏
i=1
(x − xi),
i(x)= n(x)
′n(xi)(x − xi)
, i = 1, 2, . . . , n. (2.7)
According to Szabados [12] (cf. Shi [11]), let
blij = 1
l! (i(x)
−j )(l)x=xi , l = 0, 1, . . . ; i = 1, 2, . . . , n; j ∈ N. (2.8)
Using a representation of the Hermite interpolating polynomial by the divided differences of f , Bojanov
[2] obtained the following result.
Lemma 3 (Bojanov [2]). If f is sufﬁciently differentiable on [a, b] and s ∈ N0, then
f (x)=
n∑
i=1
2s∑
=0
f [x1, . . . , xn, xi]n(x)i(x)+ f [x2s+11 , . . . , x2s+1n , x]2s+1n (x). (2.9)
Integrating both sides of (2.9) with respect to the weight function w(x) on [−1, 1] leads to
∫ 1
−1
f (x)w(x) dx =
n∑
i=1
2s∑
=0
i(w)f [x1, . . . , xn, xi] + R(f ), (2.10)
where
i(w)=
∫ 1
−1
n(x)i(x)w(x) dx,
R(f )=
∫ 1
−1
f [x2s+11 , . . . , x2s+1n , x]2s+1n (x)w(x) dx. (2.11)
We shall write i for i(w) if no confusion arises. We need the following lemma before we proceed.
Lemma 4 (Bojanov [2]). Let f be sufﬁciently differentiable on [a, b],  ∈ N. Then

n∑
i=1
f [x1, . . . , xn, xi] = f ′[x1, . . . , xn]. (2.12)
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We shall show later in the next section that for any ﬁxed , 12s, 1 = 2 = · · · = n, which
together with (2.10) and (2.12) gives
∫ 1
−1
f (x)w(x) dx =
n∑
i=1
i0f (xi)+
2s∑
=1
i

f ′[x1, . . . , xn], f ∈ P2(s+1)n−1. (2.13)
It is an easy exercise to check that (2.13) has the maximum degree of algebraic precision 2(s + 1)n− 1.
3. Gauss–Turán quadrature formulas for the weight w ∈Wn
First, we shall prove that 1 = 2 = · · · = n,  ∈ N. Precisely we have
Theorem 5. If w ∈Wn, n ∈ N, and x1, . . . , xn are the zeros of Tn, then 1 = 2 = · · · = n ( ∈ N).
Proof. Actually, we can provemore. By Corollary 2, see also [4], the nth degree s-orthogonal polynomial
with respect to the weight function w is Tn. Recalling the well-known fact n(x) = 21−nTn(x) and
observing (1.1), we have
i = 2(1−n)
∫ 1
−1
T n (x)i(x)w(x) dx
= 2(1−n)
∞∑′
k=0
k
∫ 1
−1
T n (x)T2kn(x)i(x)
dx√
1− x2 .
By (2.1) and the well-known fact that
i(xj )= 	ij =
{
1 if i = j,
0 if i = j,
we conclude that
i,2+1 = 0,
i,2 = 4nn
∑′
k=0
(
2
− k
)
k. (3.1)
This ﬁnishes the proof. 
(3.1) and (2.13) lead to the following corollary.
Corollary 6 (Gori and Micchelli [4, Theorem 4.1]). If w ∈Wn, n, s ∈ N, and x1, . . . , xn be the n zeros
of Tn, then for all f ∈ P2(s+1)n−1, we have
I (f ;w)= 
2n
{
n∑
i=1
0f (xi)+
s∑
=1
1
4n
∑′
k=0
(
2
− k
)
kf
′[x21 , . . . , x2n ]
}
. (3.2)
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Formula (3.2) is essentially due to Gori and Micchelli (see [4, Theorem 4.1]), but in a slightly different
form. Furthermore, the divided differencesf ′[x21 , . . . , x2n ] in the right-hand side of (3.2) can be expanded
according to the following lemma.
Lemma7 (6, Proposition 96 on p. 235). Let  ∈ N and f be sufﬁciently differentiable on the neighborhood
of xi, 1in. Then we have
f ′[x1, . . . , xn] =
n∑
i=1
1
(− 1)!′n(xi)
(i(x)
−f ′(x))(−1)x=xi . (3.3)
Now we can state our main result.
Theorem 8. Let w ∈ Wn, n, s ∈ N, and x1, . . . , xn be the n zeros of Tn. Then for all f ∈ P2(s+1)n−1,
we have
I (f ;w)=
∫ 1
−1
f (x)w(x) dx = 
2n
n∑
i=1

0f (xi)+
2s∑
j=1
ij (w)f
(j)(xi)

 , (3.4)
where
ij (w)=
s∑
=
[
j+1
2
]
(1− x2i )b2−j,i,2
(j − 1)!22n2
∑′
k=0
(
2
− k
)
k. (3.5)
Proof. One easily obtains by applying Leibniz’s formula of differentiation
(i(x)
−2f ′(x))(2−1)x=xi =
2−1∑
j=0
(
2− 1
j
)
f (j+1)(xi)(i(x)−2)(2−j−1)x=xi
=
2∑
j=1
(
2− 1
j − 1
)
f (j)(xi)(i(x)
−2)(2−j)x=xi
=
2∑
j=1
(
2− 1
j − 1
)
(2− j)!b2−j,i,2f (j)(xi), (3.6)
where bli is deﬁned in (2.8). A straightforward calculation using (3.2)–(3.3), (3.6) and the following
well-known fact
′n(xi)= 21−n(−1)i−1n(1− x2i )−
1
2 (i = 1, 2, . . . , n)
yields the desired result. 
We now specialize Corollary 6 and Theorem 8 to the case w = (1 − x2)−1/2. In this case, we have
0 = 2, k = 0, k1, thus
∑
k=0
′ ( 2
−k
)
k =
(
2

)
. Therefore, we have
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Corollary 9. Let x1, . . . , xn be the zeros of Tn. For all f ∈ P2(s+1)n−1, s ∈ N, we have∫ 1
−1
f (x)
dx√
1− x2 =

n
{
n∑
i=1
f (xi)+
s∑
=1
1
24n
(
2

)
f ′[x21 , . . . , x2n ]
}
= 
n
n∑
i=1

f (xi)+
2s∑
j=1
ij f
(j)(xi)

 , (3.7)
where
ij = 1
(j − 1)!
s∑
=
[
j+1
2
]
(2− 1)!(1− x2i )
((2)!!)2n2 b2−j,i,2. (3.8)
The ﬁrst equality in (3.7) is due to Micchelli and Rivlin [8] (see also (1.7) in Section 1), and the second
is a result of Micchelli and Sharma (see [9, p. 540]) and also the main result in [11]. Corollary 9 shows
that the result given by Micchelli and Rivlin [8] (cf. Micchelli [7]) in 1972 is the full answer to Turán’s
Problem 26 [14] raised in 1980 and is thus more informative than that in [15]. Turán’s Problem 26 would
have been different if (3.7) had been discovered earlier. But unfortunately, it has been neglected for about
30 years until very recently it was pointed out in [16].
We end this section with the expressions for I (f T n;w) and Akn(f ) that we promised to derive and
whose proofs and expansions concerning the divided differences are similar and thus omitted.
Theorem 10 (Gori and Micchelli [4, Theorem 4.2]). If w ∈ Wn, n, s ∈ N, and x1, . . . , xn are the n
zeros of Tn, then for all f ∈ P(2s+1)n−1, we have
I (f T n;w)=
∫ 1
−1
f (x)Tn(x)w(x) dx = 2n−1
n∑
i=1
2s∑
=0
i,+1f [x1, . . . , xn, xi]
= 2n−1
s∑
=1
i,2
2− 1f
′[x2−11 , . . . , x2−1n ]. (3.9)
The special case w = (1− x2)−1/2 was considered in [9], and later in [15] and [2].
Theorem 11. Let k ∈ N0, s ∈ N, and x1, . . . , xn are the n zeros of Tn. Then for all f ∈ P(2s+k+2)n−1,
we have
Akn(f )= 2

∫ 1
−1
f (x)Tkn(x)
dx√
1− x2
= 2
n
{
n∑
i=1
1
2kn
f [xk1 , . . . , xkn, xi]
+
s∑
=1
1
(2+ k)2(2+k)n
(
2+ k

)
f ′[x2+k1 , . . . , x2+kn ]
}
. (3.10)
S. Yang / Journal of Computational and Applied Mathematics 176 (2005) 35–43 43
4. Concluding comments
Any explicit formula for the Cotes coefﬁcient ij (w) is helpful to determine its sign and asymptotic
behavior. Hence (3.5) and (3.8) are very useful. By comparing (3.5) with (3.8), we see that the asymptotic
behavior of ij (w) is nearly the same as that of ij , which is determined in [9] and later in [11], since(
2

)−1∑
k=0
′ ( 2
−k
)
k = O(1).
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